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,^ ■ Abstract: We present a superspace formulation of the D = 3, A/" = 4,5 superconfor- 

mal Chern-Simons Matter theories, with matter supermultiplets valued in a symplectic 3- 
S^ I algebra. We first construct an A/" = 1 superconformal action, and then generalize a method 

f*-. I used by Gaitto and Witten to enhance the supersymmetry from AA = 1 to TV = 5. By de- 

^' I composing the A" = 5 supermultiplets and the symplectic 3-algebra properly and proposing 

l/^ ■ a new super-potential term, we construct the J\f=A superconformal Chern-Simons matter 

f~^ ■ theories in terms of two sets of generators of a (quaternion) symplectic 3-algebra. The 

^P ■ AA=4 theories can also be derived by requiring that the supersymmetry transformations 

are closed on-shell. The relationship between the 3-algebras, Lie superalgebras, Lie al- 
gebras and embedding tensors (proposed in [E. A. Bergshoeff, O. Hohm, D. Roest, H. 
KJf , Samtleben, and E. Sezgin, J. High Energy Phys. 09 (2008) 101.]) is also clarified. The 

^ I general A" = 4, 5 superconformal Chern-Simons matter theories in terms of ordinary Lie 

algebras can be rederived in our 3-algebra approach. All known A" = 4, 5 superconformal 
Chern-Simons matter theories can be recovered in the present superspace formulation for 
super-Lie-algebra realization of symplectic 3-algebras. 
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1. Introduction 

In the last two years, extended (tV > 4) supersymmetric Chern-Simons-matter (GSM) 
theories in 3D have attracted a lot of interests in the string/M-theory community, because 
they are natural candidates of the dual gauge theories of multi M2-branes in M— theory. 
Less extended supersymmetric (TV < 4) GSM theories with arbitrary gauge groups were 
constructed and investigated long time ago [||-[Hl. Generic Chern-Simons gauge theories 



with or without (massless) matter were demonstrated to be conformany invariant even at 
the quantum level 0, ^, ^, |l^, 11 1. However, it was much more difficult until recently to 



construct A/" > 4 CSM theories, since only some special gauge groups are allowed in these 
theories. 

By virtue of the Nambu 3-algebra structure [^, 13 1, the maximally super symmetric 
J\f = 8 CSM theory with 50(4) gauge group was first constructed independently by Bagger 
and Lambert |14] and by Gustavsson [^] (BLG). The BLG theory was conjectured to be 
the dual gauge theory of two M2-branes ||l^, |l^, |l^, 19]. The Nambu 3-algebra, equipped 



with a symmetric and positive-definite metric, has the limitation that it can only generate 



an SO (4) gauge theory [^, |2l|, ^, too restrictive for a low-energy effective description of 
M2-branes. 



Very soon Aharony, Bergman, Jafferis and Maldacena (ABJM) have observed |23| that 
an J\f = 2 superconformal CSM theory, with gauge group U{N) x U{N), actually has an 
SU{4:) R-symmetry, hence an enhanced supersymmetry M = 6. The same theory was also 
obtained by taking the infrared limit of a brane construction. In their formulation, the 
Nambu 3-algebra structure did not play any role, though the ABJM theory with SU{2) x 
SU{2) gauge group is equivalent to the BLG theory. Based on the brane construction, 
ABJM conjectured that at level k their theory describes the low energy limit of A^ M2- 



branes probing a C /Z^ singularity. In the special cases of k 
maximal supersymmetries (A/" = 8) [p3|, p4 



1,2, the theory has the 



, 26 1 . In a large- A^ limit the ABJM theory is 



then dual to M— theory on AdS^ x S"^ /Zi^ [23|. The superspace formulation and a manifest 
SU{4:) R-symmetry formulation of the ABJM theory can be found in Ref. ||2^ and p8|| , 
respectively. 

In Ref. 1^, |3^, some extended superconformal gauge theories are constructed by 
taking a conformal limit oi D = 3 gauged supergravity theories. In this approach, the 
embedding tensors play a crucial role. Gaiotto and Witten (GW) |^l| have been able 
to construct a large class of A/" = 4 CSM theories by a method that enhances TV = 1 
supersymmetry to AA = 4. They also demonstrated that the gauge groups can be classified 
by super Lie algebras. In Ref. |32|, the GW theory was extended to include additional 
twisted hyper-multiplets; in particular, the extended GW theory with 50(4) gauge group 
was demonstrated to be equivalent to the BLG theory. In Ref. |3^], two new theories, M = 
5, Sp{2M) X 0{N) and TV = 6, Sp{2M) x 0(2) CSM theories, were constructed by further 
enhancing the R-symmetry to 5'p(4) and S'C/(4), respectively, and the TV = 6, U{M) x U{N) 
CSM theory was rederived. The gravity duals of TV = 5, Sp{2M) x 0{N) and Af = 6, 



U{M) X U{N) theories were studied in Ref. [34|. By using group representation theory 
and applying GWs super-Lie-algebra method for classifying gauge groups, the TV = 1 to 
TV = 8 CSM theories were constructed systematically in a recent paper pBj . 

The progress mentioned in the last two paragraphs was made using mainly ordinary 
Lie algebras. On the other hand. Bagger and Lambert have been able to construct the TV = 



6, U{M) X U{N) theory in terms of a modified 3-algebra |36]. Unlike the Nambu 3-algebra 
with totally antisymmetric structure constants, the structure constants of the modified 
3-algebra are antisymmetric only in the first two indices. By introducing an invariant 
antisymmetric tensor into a 3-algebra, hence called a 'symplectic 3-algebra', another class 



of A/" = 6 CSM theories, with gauge group Sp{2M) x 0(2), has been constructed by the 
authors of the present paper |^^. We have also demonstrated that the A/" = 6, U{M) x U{N) 
theory can be recast into the symplectic 3-algebraic formahsm [37|. In Ref. ||3^, both the 



general J\f = 5 and M = 6 CSM theories have been formulated in a unified symplectic 
3-algebraic framework. These theories based on 3-algebras were constructed by requiring 
that the supersymmetries must be closed on-shell. All examples of A/" = 5 theories were 
recovered in Ref. |3^ by specifying the 3-algebra structure constants. 

One goal of the present paper is to combine the superspace formalism with the 3- 
algebra, to rederive the A/" = 5 theories by using the Giatto-Witten enhancement mecha- 
nism. Previously the TV = 5 theories were derived from the A/" = 4 theories by carefully 



choosing the gauge groups [33, 35|. So the construction of AA = 5 theories by enhancing 
J\f = 1 supersymmetry is interesting in its own right, especially in a 3-algebraic framework. 
It provides insight into the relationship between the 3-algebra and conventional Lie-algebra 
approach. 

Another goal is to construct general A/" = 4 theories in the (quaternion) 3-algebra 
framework, in which there are two similar sets of complex 3-algebra generators. These A/" = 
4 theories are 3-algebra version of Chern-Simons quiver gauge theories. We will construct 
the AA = 4 theories by two distinct methods. We first start from A/" = 5 supermultiplets, 
decompose them and the symplectic 3-algebra generators properly, and propose a new 
superpotential which is A/'=4 superconformally invariant. Alternatively, we will derive the 
same A/'=4 theories by requiring that the supersymmetry transformations are closed on- 
shell, i.e., we will examine the AA = 4 algebra and check its closure. The closure of A/" = 4 
algebra in the GW theory {without the twisted hypermultiplets) has been checked in Ref. 



1 31]. However, to our knowledge, the closure of the algebra in theories with the twisted 
hypermultiplets has not been explicitly checked in the literature. So our calculation will 
fill this gap. 

We will systematically investigate the relations between the 3-algebras, Lie superalge- 
bras, ordinary Lie algebras and embedding tensors that are used to build D = 3 extended 
supergravity theories in Ref. [pH]. The relations between the 3-algebras and Lie superalge- 



bras are explored in Ref. l35|, |40|, |4l|] , using representation theory. They did not discuss the 
relations between the embedding tensors in Ref. [^] and 3-algebras or Lie superalgebras. 
We will fill this gap by a more physical approach. 

We will demonstrate that the symplectic 3-algebra can be realized in terms of a super 
Lie algebra. The generators of the 3-algebra Tj can be realized as the fermionic generators 
of the super Lie algebra Qj, and the 3-bracket is realized in terms of a double graded 
bracket: [Tj,Tj;Tk] = [{Qi,Qj},Qk]- In this realization, the fundamental identity (FI) 
of the symplectic 3-algebra can be converted into the MMQ Jacobi identity of the super 
Lie algebra (M is a bosonic generator). It will be shown that the structure constants of 
the symplectic 3-algebra furnish a quaternion representation of the bosonic part of the 
super Lie algebra, and play the role of Killing-Cartan metric of the bosonic part of the 
super Lie algebra. Then the FI of the 3-algebra is rewritten as an ordinary commutator, 
whose structure constants are totally antisymmetric. Moreover, we prove that the structure 
constants of the symplectic 3-algebra are the components of the embedding tensor proposed 



in 1 30 ] , if we realize the symplectic 3-algebra in terms of the super Lie algebra. 

The general A/" = 4, 5 superconfornial Chern-Simons-matter theories in terms of ordi- 
nary Lie algebras can be re-drived from our super-Lie-algebra realization of the symplectic 
3-algebras. Not only all known examples of A/" = 4, 5 ordinary CSM theories, but also 
AA = 4 CSM quiver gauge theories (including some new examples), can be produced as 
well. The details for the latter will be presented in a forthcoming paper. Therefore, our 
superspace formulation for the super-Lie-algebra realization of symplectic 3-algebras pro- 
vide a unified treatment of all known J\f = 4,5,6,8 CSM theories, including new examples 
of A/" = 4 quiver gauge theories as well. 



This paper is organized as follows. In Sec. 2.1 we review symplectic 3-algebras and 
define the notations. Sec. |2.2| is devoted to the construction of the A/" = 5 theories by 
enhancing the supersymmetry from 7\A=ltoA/' = 5ina 3-algebraic framework. In 
Sec. ^^, we derive the AA=4 theories by decomposing the M = 5 supermultiplets and 
the symplectic 3-algebra properly and proposing a new superpotential. The closure of the 



J\f = 4 algebra is explicitly verified in Sec. 3.2. In Sec. El we discuss the relations between 



3-algebras, super Lie algebras, ordinary Lie algebras and the embedding tensors proposed 
in Ref. [30|. In Sec. ||, we present how to reproduce the Lie algebra version of A/" = 4, 5 



theories from the 3-algebra approach. The last Sec. is devoted to conclusions. 

2. J\f = 5 theories and Symplectic Three- Algebras 

2.1 A Revievif of Symplectic Three- Algebra 

A 3-algebra is a complex vector space equipped a 3-bracket, mapping three vectors to one 



vector |l38| : 



[Ti,Tj;TK]=fijK''TL, (2.1) 

where T/ (/ = 1,2,..., M) is a set of generators. The set of complex numbers fijK are 
called the structure constants. We define the global transformation of a field X valued in 
this 3-algebra {X = X^Tk) as Q: 

5-^X = K''[Ti,Tj;X], (2.2) 

where the parameter A^"^ is independent of spacetime coordinate. (The symmetry trans- 
formation (p. 21) will be gauged later). For (p.2D to a symmetry, one has to require that it 



acts as a derivative |14|| : 



5-^{[X,Y;Z]) = [5-^X,Y;Z] + [X,5-^Y;Z] + [X,Y;5-^Z], (2.3) 

where Y = Y T^ and Z = Z Tk- Canceling K ,X ,Y and Z from both sides, we 
obtain the following FI satisfied by the generators: 

[Ti^Tj; \Tm,Tn;Tk]] = [\Ti,Tj;Tm],Tn;Tk\ + \Tm, \Ti ,Tj;Tn];Tk\ + \Tm ,Tn; \Ti,Tj;Tk\\- 

(2.4) 



The FI is a generalization of the Jacobi identity of an ordinary Lie algebra. Combining the 
three-bracket ( |2.1| ) and the FI ( |2.4| ) , we find that the FI satisfied by the structure constants 
is 

ImNK fiJO = fiJM foNK + fiJN JmOK + fiJK JmNO ■ (2-5) 

To define a symplectic 3-algebra, we introduce a symplectic bilinear form into the 
3-algebra: 

u:{X,Y) = uijX^Y^. (2.6) 

We denote the inverse of the antisymmetric tensor ujij as w . The existence of the inverse 
implies that a 3-algebra index / must run from 1 to M = 2L. We will use cj/j and w to 
lower or raise 3-algebra indices; for instance, fijKL = (^lm/uk^^- The symplectic bilinear 
form must be invariant under an arbitrary global transformation: 

= 0. (2.7) 

It turns out that the structure constants must be symmetric in the last two indices: 

fiMij = Ilmji- (2.8) 

From point of view of ordinary Lie group, the infinitesimal matrices 

A'' I ^ A'-^'fLM^'i (2.9) 

must form the Lie algebra Sp{2L, C). We call the 3-algebra defined by the above equations 
a symplectic 3-algebra. 

Since the 3-algebra is also a complex vector space, one can define a Hermitian bilinear 
form 

h{X,Y) = X*^Y^ (2.10) 

(with X* the complex conjugate of X ), which is naturally positive-definite and will be 
used to construct the Lagrangians. The Hermitian bilinear form is also required to be 
invariant under the global transformation: 

Sj,{X*'Y') = {A*^^'fl^j^ + A^^fLMK')X*'Y^ 

= 0. (2.11) 

To solve the above equation, we assume that the parameter A is Hermitian: A* = 
Aml- Since it also carries two symplectic 3-algebra indices, it obeys the natural reality con- 
dition A*^*^ = ujljujmjA^''' . These two equations imply that the parameter is symmetric, 
i.e. Aml = Alm- In summary, we have 

A*^*^ = Aml = Alm- (2.12) 

Now since the parameter A is symmetric, re-examining the global transformation ( ^.2| ) 
leads us to require that the structure constants are symmetric in the first two indices: 

fiJKL = fjIKL- (2-13) 



With Eq. ( 2.12 ) and ( 2.13 ), we find that Eq. ( |2.11| ) can be satisfied if we impose the 



following reality condition on the structure constants: 

f* _ fMLKI ^^ f*L I _ fM K ('^^A\ 

Jlmik -J or f M K - J L I- (2.14) 



Now both the syniplectic bilinear form ( |2.6D and the Herniitian bilinear ( ^.10 ) form are 



invariant under the global transformation (^]^). So from point of view of ordinary Lie 
group, the symmetry group generated by the 3- algebra transformations ( p.2[ ) is nothing 
but Sp{2L), which is the intersection of U{2L) and Sp{2L,C). 

Later we will see, to enhance the super-symmetry from J\f = 1 to J\f = 5, we will 
require the 3-bracket to satisfy an additional constraint condition: 



u 



{[Ti,T^j;Tk],Tl)) = 0, (2.15) 



or simply fi^jKL) = 0- Combining Eq. ( p. IS] ) with ( |2.8| ) and ( 2.13| ), we have that f{^ijK)L 



and fijKL = Iklij- In summary, the structure constants fijKL enjoy the symmetry 
properties 

fijKL = fjiKL = fjiLK = Iklij- (2-16) 

2.2 M = 5 Theories in Terms of 3- Algebras 



In this subsection, we will generalize Giaotto and Witten's idea and method [31] to enhance 
the super-symmetry from J\f = 1 to M = 5. ^ We will work in a three-algebraic framework. 
Let us first explain the mechanism for supersymmery enhancement. We assume that 
the J\f = 1 superfields for the matter fields are 3-algebra valued (our notation and conven- 
tion are summarized in appendix ^ : 



^'a = Z'a + iOjA^'i'^B - 2^'^i' (2-17) 

where / is a 3-algebra index. A, B are 5'p(4) = 50(5) indices (A, B = 1, ..., 4), and 7a '^ is 
a Hermitian 50(5) = Sp{4) gamma matrix, satisfying ^a^Ib^ = ^Jp ■ ^ The superfield 
$ satisfies the reality condition: 

1.^ = $t/ ^ ^AB^^^^j _ (2.18) 

The purpose for introducing the gamma matrix into the second term of ( |2.17| ) is the 
following: after we promote the supersymmetry from TV = 1 to 7\A = 5, we want the 
supercharges and the matter fields to transform as the 5 and 4 of Sp(4), respectively, with 
the gamma matrix being the couplings. 

Despite that $^ carries an 5^(4) index, it is still an TV = 1 superfields in that it just 
depends on one copy of fermionic coordinates 0". Generally speaking, if we use ( p.l7| ) to 



^In Ref. M], the A/" = 8 BLG theory was constructed by using M = \ superspace formulation in the 
Nambu 3-algebra approach. 



^Generally 7a^ = Cm 7™^ ira — 1, ..., 5), where 7™^ are the SOi^i) gamma matrices (see appendix A. 4) 
and Cm real coefficients. We normalize the parameters Cm so that S 
this gamma matrix is exactly what are allowed by the R-symmetry 50(5). 



construct an A/" = 1 CSM theory, the Yukawa couphngs will contain the gamma matrix 
7A , which is not Sp{A) invariant. ^ As a result, the CSM theory is generally not Sp{A) 
invariant. However, we are be able to remove the gamma matrix 7^^ from the theory by 
adjusting the superspace couplings. The resulting theory then have an 5*^(4) global sym- 
metry, which does not commute with the J\f = 1 supersymmetry. Namely the supercharge 
transforms non-trivially under the 5*^(4) global symmetry group. More precisely, the su- 
percharges transform in the vector representation of SO{5) or 5 of Sp{4:). As a result, the 
supersymmetry gets enhanced from Af = 1 to J\f = 5. We will explain this point in details 
when we examine the supersymmetry transformations. 

To construct the TV = 1 CSM theory, we first gauge the global symmetry transforma- 
tion ( |2.2[) . We define the gauge transformation of the superfield ^ as 

J^cDi = A^^/^i^$i = A^$i, (2.19) 

where the parameter A is a superfield, depending on the coordinates of the superspace. 
We then define the covariant derivatives as 

{D^Yj = ^a6'j + rJj and p^)^ = a^<5^ + f/j, (2.20) 



where ^a is the super-covariant derivative, defined by Eq. ( [A. 9 ). In accordance with our 



basic definition ( |2.2D , it is natural to assume that the super-connections take the following 
forms 

f a'j = r^^/i^L^j and f/j = r^VKi'j, (2.21) 

transforming as ^ 

6jiTjj = -D^A^j and J^^f^^j = -D^A^, (2.22) 

respectively. In the Wess-Zumino gauge, the super-connection F^ takes the form 

= (iB^All^ + d\l'^)!KL'3. (2.23) 

where Xa J is superpartner of the gauge field A^^^ j. In accordance with ( p.l2|) , we assume 
that A^a and Xa are Hermitian and symmetric in KL. The two superconnections ( 2.2l| ) 



should not be independent, since there is only one gauge symmetry. Actually, imposing 
the conventional constraint |4^ ] 

(2.24) 



(2.25) 



{^a,^/?} 


= 2iD^p 








determines the vector superconnection: 










Ta/? J = Aafi J - iOaXp J 


- iOpXa J 
where TT" = 




/3 J, 
, we 




^With the standard definition Ea^ = icj,„„E^"^, 


note that 


5"fA^ = Sa 7c^ — Ec 


B C 


n mB 

c 7a • 







Thus, 7,4^ is not Sp{'i) invariant. 

^In this section, we define a general tilde field ^ as "^^ j = '^^'^^ Jkl' j, where ^*^^ can be a superfield 
or an ordinary field. 



where the field strength is defined as 



Fal3 J 



1 



{da^Ayj + 8/3^ A. 



ja Jj I r) [-^a 5 ^7, 



j; 



F ^T 



;(7. 



^lv) 



'K 



aji J- 



(2.26) 



The superfield Tf ^ 



hf^^^ in Eq. (|2]2l]) can be read off from Eq. ( p5| ) by re- 



M ~ 2 
writing the field strength as a product of a field and the structure constants: 



FaP J 



hd^^A^p^ + dp^A^^ + (i„^)\My + (i/3^)^Af<^]/. 



pKLf___I 



7/3 



fKL J 



(2.27) 



In the first line we have used the FI (p.5|). 

To be self-consistent, the covariant derivative Da must satisfy the Jacobi identity: 



[Da, {D^, D^}] + [D^, {D^,Da}] + [D7, {!?«, Z?/?}] = 0. 



The Jacobi identity can be solved by introducing a superfield strength Wq |43]: 

[Da,Dp^] = itapyV-1 + iea-yWlS- 

By direct calculation, we obtain 



(2.^ 



(2.29) 



VVjj 



xJj + e^Fap'j--e\DJx^yj 



[X. 



KL 



+ e^F^,^-^e\Da^x,f']fKL'j 



^^a'-fKl'j, 



(2.30) 



with 



iDJxi3)''''fKL'j ^ [dJxf'' + {A, 



P\L 



MX 13 



MK 



+ {Aj)''Mxf']fKL'j. (2.31) 



In deriving the above equation, we have used the FI (^]^) again. Here we would like to 
make one comment on the relation between the FI ( p.5D and the anti-commutator ( 2.24| ) 
and the Jacobi identity ( p. 28 ). Without consulting the FI, one would not be able to 
derive Eq. (|2.27 ) and write Tap^ J as T^k fxL^ j- This would be inconsistent with our 
assumption (|2.21| ) or the basic definition (^^). Similarly, the superfield strength would 
not take the form Wjj = Wa^fKLj without the FI (see Eq. (|]3|)). Recall that the 
vector superconnection and the superfield strength are defined through (|2.24| ) and ( 2.2^ ), 
respectively. So, had we not introduce the FI in Sec. 2.1, we would have to introduce the 
FI in this subsection for making the 3-bracket ( p.2| ) consistent with (2.24) and ( 2.28| ). 

After gauging the symmetry (2.2) in the superspace, we are ready to construct an A/" = 
1 CSM theory. A general A/" = 1 CSM theory consists of three parts: C = C]^in + Cq^ + Cw ■, 
where £kin is the Lagrangian of the kinetic terms of the matter fields, Cq^ the Chern-Simons 
term and Cw the superpotential. The first part jCkin is standard: 



= h-D^ZfD^Zi + ii^fl.D^i^'A + 2ifijKLlBH''''x''zi + FfFi) 



(2.32) 



The covariant derivatives are given by 

D^Zf = d^Zf - A/jZf, (2.33) 

D^Zi = 9^Zi + A^'jZi (2.34) 

We propose the Chern-Simons term as 

^cs = ll dH[-ifijKLT^''w^^ + ^//jK^/oLA/ivr^^^r/'^^rX] (2-35) 

= \e'''\flJKLA^,'d.A^^ + \flJK^f0LMNA','A^^AD + ^//j/.LX'^^xf ^ 

The first part of the second line is precisely the 'twisted' Chern-Simons term in Ref. |p8|| , 
while the gaugino x is just an auxiliary field, whose equation of motion is 

X"" = -^B^'r''^' Z'2 . (2.36) 

Substituting it into ( |2.32| ) and ( |2.35| ) gives a Yukawa coupling: 

-lziziV'^V'^/,K,^7^S^^. (2.37) 

Note that this term is not 5*^(4) invariant, because the gamma matrix is not Sp{4) invariant 
(see footnote 2). 

Let us now consider the superpotential Vl^(<I>). It must satisfy two conditions. First, for 
conformal invariance, the superpotential must be homogeneous and quartic in <I>; schemat- 
ically, VF($) ~ $$$$. Second, after combining (2.37) with the Yukawa terms arising from 



VF(<5), the final expression must be 5*^(4) invariant. Before proposing Vl^($), it is useful 
to look at the structure of ( p. 37 ): it contains ^^'^^^'^ . The essential observation is that 



ry\AC^BD] j^g^g ^Q j-jg proportional to the totally antisymmetric (invariant) tensor e , 

since this tensor is unique in Sp{A). The precise expression is 



^ABUU ^ ^AV^BU _ ^BU^AU _^ ^BA^UU (^2.38) 



u^^u:^^ -u:^C^BD^^AD^BC_ 



Namely, our problem may be solved if the final expression for ( 2.37]) plus the Yukawa terms 



arising from Vl^($) is somehow related to ( 2.3^ ). So we are inspired to propose the following 
superpotential 

W{^) = i(5/ji^LL^^^a;^^$^$^$^$^ + ff/jKL7^''7^''^A^B^c^D)> (2-39) 

where the 3-algebra tensor g satisfies gijKL = -Qjikl = -giJLK = Qklij, and g has 
the same symmetry properties. We require that the tensors g and g are gauge invariant. 
This implies that g and g can be expressed in terms of ujij and fijKL, the only two gauge 
invariant quantities. After carrying out the Berezin integration ^ J d?9W{^), we obtain 



I 



AC, BD\ 



fr, , AB, ,CD , ~ ^AB^CD\ ryj ryK ryL jpl /r, Ar.\ 

-[giJKL^ W +giJKLl 7 )ZbZc ^dj^a- (2-4U) 



The first and last term of tlie first line are already S'p(4) invariant. Combining the middle 
two terms of the first line with ( p. 37 ) gives 



ACBD 



^ABCD] 



ZiZi^l^S^l^j^li^giKJL + fiKJL)!'''-!''^ + 5/J/rL7""7^"]. 



(2.41) 



Since we wish to use Eq. ( 2.38 ), we first have to anti-symmetrize AB in the expression 



{I yJ) 



77. Equivalently, we have to set the part proportional to Z}^ZJ to be zero: 



giKJL + gjKIL + -^flKJL + -^fjKIL = 0. 



Now the remaining part of ( 2.41| ) is antisymmetric in AB: 

..B]D 



Z'^Zi^^ij'^lilgiKjL + fiKJi)!^^"^!"'" - guKLl—l 



ABCD] 



It can be seen that if we set 
giJKL = 
and apply the key identity ( ^.38 ), then Eq. (|2.43|) becomes 



-^{giKJL - gjKIL + -^flKJL - -^fjKIL) 



^ 7I 7J,l,J<r,l,L~ (, AB, CD , AC, RD . , AD, RC\ 

Ti^A'^BVcVDgiJKLii^ ^ -W U) +(jJ Ijj ). 



(2.42) 



(2.43) 



(2.44) 



(2.45) 



Now Eq. ( |2.45| ) is manifestly 5*^(4) invariant. However we still need to solve (2.42) and 



(2.44) in terms of Jijkl and ujij. An equation similar to (2.42) is first derived by GW 

[31: 



3 3 

giKJL + gjKIL + jkmnTfj^Tj^ + -kmnTj'KT?L = 0' 



(2.46) 



where the set of matrices r]^ is in the fundamental representation of Sp{2L) or its subal- 
gebra, and kmn is the Killing-Cartan metric. Although the (A/" = 4) GW theory is not an 
A/" = 5 theory, the similarity between ( p. 42 ) and ( |2.46| ) strongly suggests that fijKL can be 
specified as kmnTjjT^L (^P ^° ^^ unimportant constant). This is indeed the case: the FI 
(|2.5|) does admit an explicit solution in terms of the tensor product Jijkl = k. 



mnijj'KL- 



It is straightforward to verify that fjjxL = kmnTjjTKL satisfy the FI (^.51) . This solution 
is first found by Gustavsson by converting the FI into two independent commutators of 



ordinary Lie algebra |15]. Later we will discuss the relations between the 3- algebra and 



the ordinary Lie algebra in details. Eq. (|2.42D can be easily solved by adopting a method 
in Ref. [^l|]. Summing ( p. 42 ) over cyclic permutations of IK J gives 



f{IKJ)L = 0, or fi(KJL) = 0. 



(2.47) 



This is precisely ( 2.15| ), as we stated earlier. The above equation is also derived by requiring 
that the A/" = 5 supersymmetry transformations are closed on-shell ||3^. Eq. ( p. 42 ) is solved 
by setting 

giKJL = -^ifiJKL - fiLKj)- (2.48) 
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Substituting (|2.48| ) into ( ^.441) , we obtain 



giJKL = -{fiLJK - Iikjl)- (2.49) 



Substituting ( p. 491) into ( 2.45| ), then combining ( |2.45| ) with the first and the last term of 



the first hue of ( |2.4[1| ), we reach the final expression for all Yukawa terms: 

_1^^5^f^«/,^^^(Zizf V'^V'IS - 2Zizf VcV'b). (2.50) 



Finally we integrate out the auxiliary field F^ appearing in (|2.32| ) and ( p. 40 ) 



pA _ 1 <• , RC, AD yK ryLrjJ 2 BCAD ryK rjL ry J /r, c:i N 

i^l - -^JIKLJ^ W Z^ZcZj^- -fiKLJl 7 ^B^C^D- l^-Ol) 

Now it is straightforward to calculate the bosonic potential: 

1 pA 77/ ^ f fO ( , AC, RE, ,DF , o, AC^,BEDF 

- 2^1 ^A = T^JIJKOJ LMN(-^ UJ UJ + 2UJ 'J 'J 

+2u:''''^^^^^^ - 4a;^^7^^7^^)ZiziZ^zBzf Z#. (2.52) 

Note that V = ^FjFJ^ is positive definite, though it is not manifestly Sp{4:) invariant due 
to the presence of the gamma matrix. However, by taking advantage of the key identity 
( |2.38D and the constraint condition f^jK)L = 0, we are able to prove that ( 2.52|) is indeed 



5*^(4) invariant (see appendix y). The final expression for the bosonic potential is 

(2.53) 



TA_ '^ fnf Of nf Of I Of Of \ yN ryAl yj ySK yh yCM 

V — --Z^\2fijK JOLMN-yjKLI JONMJ + 2JIJL JOKMNjZj^Z Z^Z ZqZ 



In summary, the full Lagrangian in terms of the symplectic 3-algebra is given by 
L = ^{-D.ZfD^^Z'^ + i^fj^D^^ip'^) 

+\ef^''\fijKLAi'd,A^'^ + '^fuK^'foLMNA'/A^^Ai^^) (2.54) 

< ^ rnf Of nf Of I Of Of \ yN yAI yj ySK yL yCM 

+ 7:7;K^JlJK JOLMN -yjKLI JONMJ + 2JIJL JOKMN)Zj^Z Z^Z Z(jZ 

This Lagrangian is exactly the same as the A/" = 5 Lagrangian derived by requiring that 
the supersymmetry transformations are closed on-shell [p8[. Using the reality condition 



(2.14), one can recast the potential term into the following form: 

V = ^{T^BCT^ABC^ (2.55) 

where 

'^ABC = fiJK {ZaZb^c + -^bcZaZbZ )• (2.56) 

Now the potential term is manifestly positive definite. 
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Let us consider the supersymmetry transformations. The M = \ super symmetry 
transformation of the scalar field is 

5QZi = ie"7A^^^B. (2.57) 

On the other hand, the action ( |2.54D is invariant under the 5*^(4) global symmetry trans- 
formation 

5rZ'a = T.a''z\, , JhV'a = Sa^'V'b- (2-58) 

Therefore one can consider the commutator of 5r and 6q : 

[6R,6Q]Zi, = i6-(7A^SB^ - SA^7B'')V'ic- (2-59) 

So the M = 1 supersymmetry does not commute with the 5'p(4) global symmetry. Since 
the matrix 7^^ contains four independent real parameters, equation ( 2.59 ) suggests that 



there are other 4 independent A^ = 1 supersymmetries. Therefore one may promote the 
A/" = 1 supersymmetry ( p.57|) to A/" = 5: 

<5Zi=ie^^°V'L, (2.60) 

where the parameter eA^°' = e^7™ . One may apply the same argument to the super- 
symmetry transformations of the fermionic and gauge fields. In summary, we have the 
following supersymmetry transformations: 

r/,/ /UN 13 r, 7I ^B I 1 i-/ , BC ryj r^K ryL n 2 . ^ RD ryj ryK r,L C 

6A^^L = ie''''^{i,)J^ipZifij^L, (2.61) 

where the parameter e is antisymmetric in AB, satisfying 

WAse^'' = 0, 

e:^B = a;^^a;^^6cD. (2.62) 

The supersymetry transformations are precisely the ones proposed in Ref. p^]. To verify 
the mechanism for enhancing the M = 1 to M = 5, it is best to check the closure of 
(2.61). Fortunately, the closure of ( |2.61| ) has been checked explicitly in Ref. |38|: they are 



indeed closed on-shell, and the corresponding equations of motion can be derived from the 
Lagrangian ( ^.54| ). So the R-symmetry of the theories is 5'p(4). 

3. The M = A Theories and Symplectic Three-Algebras 

3.1 M = A Theories by Starting from Af = 5 Theories 

In this section, we will construct the AA=4 theories by decomposing the J\f = 5 supermulti- 
plets and the symplectic 3-algebra properly and proposing a new superpotential term that 
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preserving only AA = 4. Let us first decompose the J\f = 5 super-fields for matter fields 
into TV = 4 super-fields: 

The index A of the LHS runs from 1 to 4, while A and A of the RHS run from 1 to 2. (For 
the dotted and un-dotted representation, see Appendix |A.3|.) The indices a and a' run 



from 1 to 2M and 1 to 2N, respectively. The superfields $'^ and ^'^ are called untwisted 
and twisted hyper-multiplets, repsectively, in the literature [^] (from the TV = 4 point of 
view). The two antisymmetric matrices uj^"^ and u are decomposed as 

respectively. Now the reality condition {^y)m=5 = ^ '^ij^b becomes 

^^ = 6^^^^^ and ^^,=e^^uja'y^l. (3.3) 



To be compatible with the decomposition of the TV = 5 hype-multiplets (3.1), one may 
decompose the TV = 5 super-connections as 

riJ f K _ ('^"'''fab''d + '^°''' fa't'^'d \ 

I- JIJ L - \ ^a'b' f c' j_ra.bf c' ' V-^-^iJ 

y U i Ja'b' d' + i Jafe d' J 

where 

r'^Vafe'^d = (i^'^^S'/J + 9\f)fab'd, (3.5) 

and the other 3 superfields of the RHS of ( |3.4| ) have similar expressions. In proposing 
( |3.4| ), we have decomposed the set of 3-algebra generators Tj into two sets of generators 
Ta and T^', and decomposed the 3-bracket (2.1) into 4 sets, with the structure constants 



fabc^^ fabd'^ , fa'b'c^ and fa'b'c''^ ■ We have also decomposed the parameter superfield F^"^ 
into two superfields F'^'' and F" ^ . 

If we introduce a 'spin up' spinor xia and a 'spin down' spinor X2a, i-e., ^ 

XiQ = I ^ I = Sia and x2q = I I = ^2^, (3.6) 

then in component formalism, we now have 

fiJKL = fabcd^la^ip^l-^^lS + fabc'd'SlaSlfsS2-yS2S + fa'b'cdhahjsh-yhs + fa'b'c'd'hah(5S2jS2S, 

(3.7) 
(Here we assume that {fabcd — fabc'd') does not vanish identically.) and 



-i/J T-iab 



mi„5i/3 + F'^''52„<52/3. (3.8) 



^Here the index a is not an index of a spacetime spinor. We hope this will not cause any confusion. 
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Substituting (|3.7D and (|3.8|) into T^^ fjj^ l indeed gives (0). With the decomposition 
( |3.7| ), the FI (|2.5| ) are decomposed into 4 sets: 



Jabe Jgfcd ~r Jab/ Jegcd Jefd Jabcg Jefc Jabdg — "j 

fabe^fgfc'd' + fabf fegc'd' " /e/d'^ /abc'g' " /e/c'^ fabd'g' = 0, (3.9) 

fa'b'e^fgfc'd' + fa'b'f^fegc'd' — fefd'^ fa'b'c'g' — fefc'^ fa'b'd'g' = 0, 

fa'b'e'^ fg'f'c'd' + fa'b'f'^ fe'g'c'd' — fe'f'd'^ fa'b'c'g' - fe'f'c'^ fa'b'd'g' = 0. 

In accordance with Eq. ( p.l6| ), these structure constants enjoy the symmetry properties 

J abed — Jbacd — J bade — Jcdabi 

fabc'd' = fbac'd' = fbad'c' = fc'd'ab, (3.10) 

fa'b'c'd' = fb'a'c'd' = fb'a'd'c' = fc'd'a'b'- 

The reahty condition ( ^.14| ) is decomposed into 

f*a c fb d f*a' c rb' d f*a' c! fb' d' /r> ^^\ 

J b d = J a c, J b' d = J a' c, J b' d' = J a' c' ■ l3-iij 

Under the condition that {fabcd — fabc'd') does not vanish identically, decomposing the 
constraint condition f{ijK)L = results in fi^abc)d = 0, f{a'b'c')d' = and fabc'd' = 0. 
However, the condition fabc'd' = turns out to be too restrictive to allow any interaction 
between the primed fields and the un-primed fields. So we have to give up the constraint 
fabc'd' = 0. Namely, we have to give up the constraint condition f(^jjK)L = as we 
decompose fijKL by Eq. (p.?]). Later we will see, to construct an interesting A/" = 4 quiver 
gauge theory, we need only to impose constraints on fabcd and fa'b'c'd'- 

f{abc)d = and f{a'b'c')d' = 0, (3-12) 

while fabc'd' are un-constrained. 

With these decompositions, the Lagrangian for the kinetic terms of the matter fields 
(|2.32[) becomes 



where 



+^{-D,Z^D>^Z^; + i^^^n'D,rl - ^ioBH^'a'T' b'Zl + F^F^ ), (3.13) 



D,Zi = d,Zi - ~A^^,Zt 

AC Aab f c , Aa'b' f c 

Ap, d = A^ Jab d + A^ Ja'b' d, 

r'b' = X'^fcd^'b' + X''""' fc'd'a'b', (3.14) 
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and similar definitions for ^^^ ^' and x'^bj and the Chern-Simons term ( 2.35| ) becomes 



-Ccs = -e'^''\fabcdA;%Al^ + -fabc'fg.efA'H'A'ifAlf] 



^ai^''^(f A"-'^' PI A^'d' i'^ f g' f Aa'b' j^c'd' ^e'f' 

2^ Ua'b'c'd'A^ 0,yAx + -Ja'b'c' Jg'd'e'f'A^ A^ A 

+e>"'Hfabc'd'Afd,Ai''' + /afec^/,de'/'<^^'<^' + fabc'''fg'd'e'rAfAt'''A 



+r 



„ju.u^ jyu.^j--fj, --U --X ) (3.15) 



ab ^c'd' ^e'f'-s 



+ -^{fabcdX"' X^ +'^fabc'd'X^ X^ + fa'b'c'd'X"' X^ 



The equations of motion for the auxihary field x (|2-36|) is decomposed into two sets 



X 



ah 



-a 



,^i;^(^z'l 



a'b' 



X 



-OA^'^^^'Z^'I 



(3.16) 



Plugging ( 3.16 ) into ( |3.13 ) and ( p.l5 ) gives three Yukawa terms 

^(f „AC^BD ya yb j,c jd . r „\AC \BD ya' r^b'ic'id' 

-^{Jacbdf^ O- Zj^Z^lp^lp^ + fa'c'b'd'(^' O-' Zj^Z^lpfj^^D 

+^Jabc'd'Cr 0-1 Z^Z^Ip^lpjj). 



(3.17) 



Alternatively, we can also obtain ( 3.17| ) by directly decomposing the Af = 5 Yukawa term 
(2.37). It can be seen that the last term of ( 3.17| ) is a mixed term, in which the primed 
fields couple the un-primed fields through fabc'd' ■ So we cannot obtain a non-trivial TV = 4 
superpotential by decomposing the Af = 5 superpotential ( 2.40 ), because the TV = 5 
superpotential ( 2. 40] ) is desired only if f(^jjK)L = 0, which implies that fabc'd' = as we 
decompose fijKL by Eq. ( ^ ) under the condition that {fabcd — fabc'd') does not vanish 
identically. So we have to propose a new superpotential for the TV = 4 theory, allowing 
fabc'd' 7^ 0. However, unlike the last term of (|3.17 ), the first two terms of ( ^.17 ) are un- 
mixed terms. This inspires us to decompose the first term of the TV = 5 superpotential 



( |2.39D with fa'c'bd and facVd' deleted from fixjL (hence we denote the 'modified' structure 
constants as fixji)'- 



Wl{^) = -^{f'lKJL^''''^''''^A<^C^D)N=^ 



1 
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AB^Cbff^a' ^V 



Uacbde^^'e^'^n^'B^cK + /a'c'b'd'e""e""$l$^$^$^; 



where 



fiJKL = fabcdhahish'yhs + fa'b' c'd' S2a^2l3hjhs ■ 



(3.18) 



(3.19) 



Of course, the 'modified' structure constants f'jj^jx^ still satisfy the constraint condition 
f[iKj)L=^^ w'^ich is equivalent to Eq. ( pl|) : /(acfe)d = and fi^a'c'b')d' = 0- We will 
prove that the first two terms of ( |3.17| ) combining the Yukawa terms arising from the 
superpotential Wi (see ( p.20[ )) are SU{2) x SU(2) invariant. Carrying out the Berezin 
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integral ^ f d6'^Wi{^) gives 



J-Wi - -7:{Jacbde e Zy^ZBW^ip^ + fa'c'b'd'e e Zj^Z^ipcVo) 



-\[{fabcd - fadcb)cT^'^Cr^^Z'XZ^j,rc^% + [f^iyCd' " fa'd'c'b'W^''cj^^''Zpl^l^'^^^f,] 



If 'yb ryBc ryAd rpa I f ryV ryBc! ry AdI JJia' N 

l^UabcdZsZ Z 1^ ^ + Ja'b'c'd' Z j^Z Z ^J^j- 



(3.20) 



Let us now combine the first term of ( 3.17] ) and tlie first term of the second line of ( 3.2C| ): 



7b „i,c „i,d 



■Wacbd + {fabcd - fadcb)](T'"-(T''''Z%Z'Brri^ 



C^D 



(t f \(^AC„BD RC„AD\ya yb j,c j,d 

--^Uacbd- Jbcad){cr a- -a a jZ^Z^ip^ip^ 

^ f AB^Cb ya yb -,c id 

-^Jacbdf- e Zj^Z^lp^lpj^. 



(3.21) 



In the second line we have used f(abc)d = 0- I^i the third line we have used the SU{2) x SU{2) 
identity (A. 26). It can be seen that the final expression of ( |3.21| ) is indeed SU{2) x SU{2) 
invariant. Similarly, one can combine the second term of ( |3.17| ) and the second term of the 
second line of ( |3.2C1| ) to form an SU{2) x SU{2) invariant expression: 



' f ^ABnDya'yb'ic'id' 

-,Ja'c'b'd'(^ e Zj.Z^1pQlpjj, 



(3.22) 



where we have used the reality condition ( A.23| ). Now only the last term of ( |3.17| ), i.e. the 
mixed term, is not SU{2) x SU{2) invariant. Its structure suggests that if a Yukawa term 
of the form 

ifabc'd'<T''''a^^^Z%Z'^i;yf, (3.23) 

arises from a to-be-determined superpotential, then they will add up to be SU{2) x SU{2) 
invariant by the reality condition ( A.23| ) and the identity ( A. 26 ). It is therefore natural to 
try 

W2{^) = a/,,,.,,a^^at^^<I.^<I.^B<l>g<I.^, (3.24) 

where a is a constant, to be determined later. The corresponding Lagrangian is 

r — n^, f (^AC ^BD ya yb ^Lc'jA' . Ac^BD^La ^/,fe yc' yd' , rfAC^BD ya yd'ib ^ic'\ 

Lw2 - ^0iJabc'd'[(^ e ZaZbVcVd + ^ f ^A^B c b^^ ^ ZaZi)V^Vc) 

-2a/,,,,rf.a^^at^^Z|jZ^'4>l - 2a/,,,,,,a^^at^^ZlZ|,z|F;^'. (3.25) 

Note that the first line is SU{2) x SU{2) invariant by itself. Comparing the second line 
with ( ^.23 ) gives a = g- Combining the last term of ( 3.17] ) and the second line of ( 3.25| ), 
we obtain 

(3.26) 



• f ^AD^BC ya yc' j,b j,d' 

IJabc'd'f- e Zj^Z^ip^lpj^, 



which is the desired result. Now all Yukawa terms are invariant under the SU{2) x SU{2) 
global symmetry transformation. Put all Yukawa terms (the first line of (|3.20| ), (|3.21j ), 
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(I3.22D , (|3^) and the first line of (|]2|)) together 



>Cy = -'-{facMZ%Z^'^l^''^^l;^'' + fa'c'b'd'Zp^''^l^i^l^''''' 



To calculate the bosonic potential, we first integrate out the auxiliary fields F^ and 



Fj' from (|3l|), ( pO| ) and ( [3:251 ): 



3 

1 



A,,,z|,z^^z^'^ + A,,,,,cT^^cTt^^z^z;.z;^ = T^il + w 



2ai 



i^a^ = ^/a'.'.'.'^Z^^'^^'^' + /..,..,at^^^^^4z^Z^ ^ <,, + <,. (3.27) 



The bosonic potential is 



-^ = -^(^aM+^aM)' 



(3.28) 



which is not manifestly SU{2) x SU{2) invariant due to the presence of the sigma matrices. 
However, by using the fundamental identities (J^^ and a method first introduced in GW 
theory |31] (see also [^), we are able to re-write ( |3.28 ) so that it has a manifest SU{2) x 
SU{2) global symmetry. For example, let us consider 



AC ^CD ryh ryBc ryd rye rycl ryd! 



in/- A -[ma f fa „AL. „i^L> ryb ryUCrya rye ryd ryd! 

^la^2A = -i:JabcdJ ec'd'O^ Cr Z^Z Z^ZqZ^Z^ 



,AC CD ryh ryBc ryd rye ryc! ryd' 



( f fa , f fa -1 „AU ^LyJJ ryO rytiC rya rye ryC ryQ 

-i;iJcda{bJ e)c'd' + Jcda[bl e\c'd'\'^ ^ ^B^ ^A'^C^c'^t, 



(3.29) 



= 5 + A 
The antisymmetric part can be written as 

A = -^fcdabf^'ec'd'O' CT Z Z'^^Z'^Z j^Z^^Z j^. (3.30) 

Applying the constraint condition f{cdb)a = to the above potential term, we obtain 

(3-31) 
Combining this with —W^^W^A (^^^^ ^''st line of ( 0.291) ) gives 



A f fa „AC „Ct) ryh ryBc ryd rye rye' ryd' 

^ — —-::JcdaeJ bc'd'(^ CT Z^Z Z^ZfjZ^Z^. 



-WtW^A + A = 2S. 



Solving for — M^iqW^^^, we obtain 



TI/ATI/a f fa „Ai^ „L^U ryb ry tic rya rye ryc: ryOI 

— ^\a^2A — --R}cda{b} e)c'd'^ ^T Z^Z Zj^Z(jZ^Z^. 

Let us now consider another term of ( |3.28| ): 



1 



U/A JJ/O.' f fa' ^DBAFryb'ye'ryCrydyCfy. 

-W2a'W^ = -icdb'a'J e'fgCr a Z^Zp,ZcZjjZ ^Z 



2A 2 

1 



(3.32) 



(3.33) 



(3.34) 



ifcda'ib'f"' e')fg + fcda'lb'f"' e']fg)(^ CT Z^Z'^Zf^Zj^Z Z^ 
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Combining this equation with ( ^.331) , the symmetric part cancels ( ^.331) by the second 
equation of the fundamental identities ( |3.9D , while the antisymmetric part is SU{2) x SU{2) 



invariant by the identity (A.. 26). The final result is 



A,,,a IwAwa' _ Af^^^,^,f9'^,^^z^''zp'^Z^fZ^Z<''. (3.35) 



-W.iW^A - 2^2a'^2A 



One can apply the same method to the other terms of (3.28). The final expression for the 
AA = 4 bosonic potential is 

-V = +^{fatcgPdefZ''^Z'^^Z^('^zi^Z^^Z{ + fa.,.,g.f3' ,,,,f.z^-' z^z^^^' z'^^z^^' z^l) 



a fa' ryAc! 'yd! ryh ryDf rya ryCe i t fO ryAcryd lyh' ryDf lya' ryCe' 

abc'g'J d'ef^ '^\^D^ ^C^ + Ja'b'cgJ de' f ^ ^ A^ n ^C 



(3.36) 



In summary, the full TV = 4 Lagrangian is given by 



1 



A T^ri rya' 



C = -{-D.Z^D^Zl - D,Z^,Df^Z-, + i^^-i^D,rA + i^^n^D,^: 



2' ^ 
I 

~2 



f^-TA 



'A^,t^ i 



>V''A. 



^{facMZ%Z''%i;^'' + U,,t,,d,Zp^WBi^''''' 



ya ryh „i.Ac' j.Bd' 



7C' ryd' j.Aaj.Bb 



ya ryBd'i.b I.Ac' 



+i^fabc'd'{z'xz"B^^' r" + z^zi^i^-'^r' + ^z'xz^'^ r^r 

+ \e^''\fabcdAfd,Af + Ifabc'fgdefAfAfA''^) 

+\e^''\fa'yc'd'Afd,Ai''' + \fa'b'/ fg'd'e'fAf Ai'^' Ai^') 

+e^''\fabc'd'Afd,Ai''' + fabc'fgde'f'AfAfAif + /afec'^'/.'d'e'/'^^'J''^^' 



1 



yAa yb ryB{c yd) yCe yf 



+ -{fabcgf'defZ''^Z'sZ''^'Z:^>Z^'Z^^ + fa'b'c'g'f d' e' f Z'"' Z^^^' Z^^> Z"^' Z 



Aa' yb' yB(c' yd') yCe' yf'-, 
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I" f fa' ryAc' ryd' ryb ryDf rya ryCc , f fa ryAcryd ryV ryDf rya' ryCe'\ 

jUabc'g'J d'ef^ ^ A^D^ ^C^ + Ja'b'cgJ de'f '^ ^ A^ t)'^ ^C >- 



(3.37) 



Using the same argument given in Sec. 2.2, we may promote the M = \ supersymmetry 
transformations to TV = 4: 



bZ\ = ieA^rA, 

6z^; = ieYrA, 

^i^A = ~l^^tJ.Z%€.A - -f"' b'c'd'Z^Z " Z^tA + f"" b'cdZj^Z "Z^es , 

X„lA „A» n 'yl A B fa ryb ryBc ryd A C : fa ryb ryBc' ryd' A 

oWa = -T^i^Z^e'j^ - -} bcdZsZ Zct\ +fbc'd'ZAZ z^e^ 



A 



dA^'d = ie^^'-f^iP'^Zlfab'd + ie^^''i,.^\Z\ fa'b'^d. 

c A c' ■ AB lb rya f c' I ■ \AB l b' rya' f c' 

OA^ d' = le '^^WsZAlab d'+«e lfJ.WBZ ^Ja'b' d', 

where the parameter satisfies the reality condition 



.t .B 



aBC^ ^ B 

-e e^^ec ■ 



(3.38) 
(3.39) 



18 



It is still necessary to verify the closure of the A/" = 4 superalgebra; this will be done in the 
next subsection. The ordinary Lie algebra counterparts of the Lagrangian ( p. 37 ) and the 
super symmetry transformaitons ( 3.38 ) are first constructed in Ref. |32]. If fahc'd' = fabcd-, 
then fabc'd' also satisfy the constraint equation, i.e. f(abc')d' = 0- Iii this special case, 
the A/" = 4 supersymmetry will be enhanced to A/" = 5. Therefore without the twisted 
hypermultiplet, it is impossible to enhance the TV = 4 supersymmetry to TV = 5; as a 
result, the TV = 4 supersymmetry cannot be promoted to TV = 6, 8. Indeed, in Ref. |Q, it 
was demonstrated that the TV = 4 theory with an SU{2) x SU{2) gauge group is equivalent 
to the TV = 8 BLG theory after adding the twisted hypermultiplet. 

In a forthcoming paper ||4J], we will convert the TV = 4 theories (based on the 3- 
algebras) into general TV = 4 theories in terms of ordinary Lie (2-)algebras, using superal- 
gebras to realize the 3-algebras. The method will be generalized to construct TV = 4 quiver 
gauge theories [44|. There are a special class of TV = 4 theories, with a circular quiver 
gauge diagram [32, 44]: 



UiNi^i) - UiN,) - U{Ni+i) 



(3.40) 



(The above diagram is only a part of the circular quiver gauge diagram.) This class of TV = 4 
theories have been conjectured to be the gauge descriptions of multi M2-branes in orbifold 
(C^/ZpXC^/Zq)/Zfc, where p (q) is the number of the un-twisted (twisted) hypermultiplets, 
and k the Chern-Simons level |4^. Their gravity duals have been investigated in Ref. |p5[l . 
To our knowledge, most of the gravity duals of the TV = 4 quiver gauge theories are not 
found yet. We would like to construct their gravity duals in the future. 

If one sets the twisted hypermultiplet to be zero, i.e., ^°, = 0, then ( |3.37 ) and ( 3.3^ ) 
become the Lagrangian and the supersymmetry law of the GW theory |Q , respectively, 
in the 3-algebra approach: 



1 



C = -{-D.Z^D^Z^ + i^^^^^D.rj,) 



'-facuZlZ^'^i^li^^'' 



B^ 



+ YzJabcgJ def^ ^B^ ^C ^ ^A' 



(3.41) 



and 



bz\ = icA^'i^ 



A„i.a 
A' 



7a J B 



Be yd A C 



d^A = -rD^Z%eY - -f\,,Z%Z^-Z^c^\ 
M/rf = ie^^'^^^l^lzyab'd- 



(3.42) 



3.2 Closure of the N=4 Algebra 



The closure of the algebra of the GW theory was checked in j31]. To our knowledge, there 
is no explicit check in the literature for the closure of the TV = 4 algebra after adding the 
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twisted hypermultiplets into the GW theory. Here we present such a check by starting 
with the super symmetry transformation of the scalar fields: 

[5i,52]Z% = v^^D^Zl + \f\cdZ'BZhZieAEe''''u'''' 

+if\c',Z^'Z^^'z^'^'{e,^j,e\^^ - e,^^e\^^l (3.43) 

where 

V' - -l/7'^e2B^ u^^ ^ ^{efK\J^ - ef ^4/). (3.44) 

By using the identity eAE^^^''^ = —{^a^5e^ — ^e^^a'^), the second term of the RHS of 
(3.43) can be written as 



-ir,,,Z^Z^Z|,n^^ + i/^,,Z|jZlZ|,n^^. (3.45) 

The second term is equal to the first term minus the second term by the constraint condition 
/"(feed) = 0: 

o/"bcd^B'^A-^D^ = -l^f^bcdZAZcZnU - -/"'bcdZsZAZDU ■ (3.46) 



Therefore the second term of the RHS of ( ^.43 ) is equal to 



-^/^ed^&^^n^^Z^. (3.47) 



By using the fourth equation of ([A.27|) , the second line of the RHS of ( 3.43 ) becomes 

fa ryd ryd' 



\j\c'd>zizU^^Z\, (3.48) 



where 



In summary, we have 



u 



^^-^(4^^e2c^- 4^^610^). (3.49) 



\hM\Z\ = v^D^Z% + A\Z\. (3.50) 

While the first is the familiar covariant derivative, the second term is a gauge transformation 
by a parameter 

A% = -^n.dZ'cZf^n^'' - \rbc'd'Z\z%u^^. (3.51) 

Similarly, we have 

{hM^i = v'^D^Z'^ + k^\,z\, (3.52) 

where the parameter A"^ y is defined as 

k\, = -'^-j\,,,^,Z<,zlvP'' - \r\'cdZ\Ziu^^. (3.53) 
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Let us now examine the supersymmetry transformation of the gauge fields: 



+0{Z'^). (3.54) 

The last term 0{Z^), which is fourth order in the scalar fields Z, vanishes by the FI (^.Sj). 
The second line and the third line must be the equations of motion for the gauge fields: 

Vb = e,ux[{ZlD^Z^'' - ^V5SVJ)/c/t, + {Z'iD^Z^'^' - '-i'"''' l^^l^''B)fc'd'\i (3.55) 
while the first line remains: 

[-51, -5214^ = ^"^-/fe - D^~h.\. (3.56) 

The first term is a covariant translation; the second term is a gauge transformation, as 
expected. Similarly, we have 

[5i,52]A/y = v^F./b' - D^K^'y, (3.57) 

and 

F^.^\' = e^.A[(^ll)"^^"'-^V5^'='7V|)/c'd'"'6' + (^iI)^^^"-^V^^VV'J)/c/fe']. (3.58) 

Finally we examine the fermion supersymmetry transformation: 

[5l,52WA = ^^D,rJ, + ^-\^\ 

2'^*'1 ^2BA ^2 ^IBA'^c 

-\vuYE% (3.59) 

where 

El = rD^r^ + fcdb''Z'BZ^-ij\ - /.^rf^fc'^Z^'zjV^" + 2/e.rf,b'^Z|,Z^V^'^'. (3.60) 

In order to achieve the closure of the algebra, we must impose the equations of motion for 
the fermionic fields: 

El = 0. (3.61) 

As a result, only the first line of (3.59) remains. Similarly, we obtain 



and 

Q = Ei= rD^rl + fc'd'y'^'zlz^-'i^i - f,dN-' Z'XZ^c^'''' + 2f,du'''zp\il^^''. (3.62) 

One can derive all the equations of motion of as the Euler-Lagrangian equations from the 
Lagrangian ( |3.37| ). 
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4. Three-algebras, Lie superalgebras and Embedding Tensors 

4.1 Three-algebras and Lie superalgebras 

In this section, we will demonstrate that the symplectic 3-algebra can be realized in terms 
of a super Lie algebra. 

Recall that in Sec. |2]^, we note that Jijkl can be specified as kmnTfj^KL (^P *° ^^ 
unimportant constant), i.e. 

fiJKL = kmnTfjTKL: (4.1) 

where the set of matrices r]^ is in the fundamental representation of Sp{2L) or its subal- 
gebra, and kmn is the Killing-Cartan metric. 

Further more, the constraint condition f(jjK)L = implies that f{^jjK)L = ^rnnTj^jT^)^ 



0. As GW pointed out |31], the constraint equation ^mnT^jT^^i = can be solved in terms 
of the Jacobi identity for following super Lie algebra: ^ 

{QuQj} = TTjk^nM^. (4.2) 

Namely, the QQQ Jacobi identity 

[{Qi, Qj], Qk] + [{Qj, Qk], Qi] + [{Qk, Qi], Qj] = (4.3) 

is equivalent to the constraint equation kmnT^jTx)L ~ ^' Therefore GW's approach sug- 
gests that the symplectic 3-algebra can be realized in terms of the super Lie algebra (^), 
if we think of the 3-algebra generator Tj as the fermionic generator Qj. Comparing the 
3-bracket [Tj,Tj;Tk] = fijK^Ti with 

[{Qi, Qj}, Qk] = k^nrnr^'-QL, (4.4) 

and taking account of ( [4.1[ ), we see that the 3-bracket may be realized in terms of the 
double graded commutator 

[Tj,Tj;Tk] = [{Qi,Qj},Qk]. (4.5) 

Here the RHS is also obviously symmetric in IJ. It is instructive to examine the FI ( p.4| ) 
with the 3-brackets replaced by the double graded commutators: 

[{Qi,Qj},[{Qm,Qn},Qk]] (4.6) 

= [{[{Qi,Qj}, Qm],Qn}, Qk] + [{Qa4, [{Qi, Qj}, Qn]}, Qk] + [{Qm,Qn}, [{Qi,Qj}, Qk]]- 



By using the super Lie algebra (4.2), we obtain 



rrjTMNiiMn, [M^,Qk]] - [M„, [Mn,QK]] + [[M^ , M^] , Q k]) = 0, (4.7) 



^This is not the D = 3 super-Pioncare algebra. 
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which is equivalent to the MMQ Jacobi identity of the super Lie algebra (^j). It is not 
difficult to prove that kmnTfjT^i also enjoy the symmetry properties ( p.l6| ). So indeed 
the symplectic 3-algebra can be realized in terms of the super Lie algebra. Now recall the 
component formulism of the basic definition of the global transformation 

J^X^ = A^-^/,j^lX^. (4.8) 

Replacing fij^L by kmnTfjT'^^ l gives 

5-^X'' = K'-^k^nrY^jT^'^LX'^. (4.9) 

From the ordinary Lie group point of view, this is a transformation with parameters 
^^'^kmnTfj and generators r"^/,. On the other hand, the second equation of (O) in- 



dicates that the fermionic generators furnish a representation of the bosonic part of the 
super Lie algebra (|4.2| ), i.e. the matrix rfj is a quaternion representation of M™. There- 
fore, the gauge group generated by the 3-algebra can be determined as follows: its Lie 
algebra is just the bosonic part of the super Lie algebra ( |4.2| ), which must be Sp{2L) or 
its sub-algebras. The representation of the matter fields is determined by the fermionic 
generators of the super Lie algebra ([4.2|). 



For a more mathematical approach, see Ref. [35, ^ 41], in which the relations between 
the 3-algebras and Lie superalgebras are discussed by using Lie algebra representation 
theories. 

4.2 Three-algebras and Lie Algebras 

It is less obvious that one can also prove that (^]^) is an explicit solution of the FI ( ^.5| ) 
by using the QQM Jacobi identity of the super Lie algebra, which reads 

[{Qi,Qj},An - {[Qj,M^],Qi} + {[M™,Q,],Qj} = 0. (4.10) 

After a short algebra we obtain 

rfjknplMP, M-] - T^^^jT^jKpMP - T^^iT^jknpMP = 0. (4.11) 

Since the matrix rfj is a representation of M™, the above equation implies 

r?jknp[TP, t"']mN - r'^^'jrhknpTl,^ - T"'''lT^jknpTl,^ = 0, (4.12) 

where 

[r-,T \mn = t%^o^ n-tmo^ n- (4.13) 

Multiplying both sides by k^^r'^^ gives 

knpTjjkmqTj^llT ,T \m N — kmqTj^iT J'''KlknpTj^jq — kmqTj^iT lTKjknpTj^,f]\i = 0. 

(4.14) 
Rearranging the above equation verifies explicitly that (^]^) satisfies the FI ( ^.5]) . Appli- 
cation of the commutator 

[t ,t \ij = C pTjj (4.15) 
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to Eq. ([4.14|) gives 

yknpKqijiLi s ~r kqijikgpLj njTjjTj^j^Tj^jj^ = (J. (4.iDj 

Here the equation in the bracket is simply the statement that the structure constants 
are totally antisymmetric if the three adjoint indices nqs are on equal footing. Note that 



kmn is an invariant bilinear form on the bosonic subalgebra, since Eq. (4.16) or (4.17) also 
implies 

[k,C"']=0. (4.18) 

Here the matrices (C™)^„ = C^^'^n furnish the usual adjoint representation of the bosonic 
subalgebra. In this way, we see that the FI of the 3-algebra can be converted into two 
ordinary commutators ( [1.15D and ( 4. 18]) (this is first discovered in the second paper of Ref. 



|15|] with a different approach). 

Eq. (^^) indicates that fijKL = kmnTfjT^L ^^^o furnish a quaternion representation of 
the bosonic subalgebra. In fact, if we write fijKL as {fij)KL-, then //j is a set of matrices, 
and corresponding matrix elements are {fij)KL- If t^l furnish a quaternion of representa- 
tion of M", then {fij)KL furnish a quaternion representation of Mij = kmnT^j^^^ ^ since 
the operator Mij is a linear combination of M". With this understanding, we are able to 
re-write the FI ( p.5| ) as a commutator 

[fij, IklImN = Cjj^KL {fop)MN 

= iflJK S]^ + fijL Sik)Uop)mN 

= -[fljJMN]KL. (4.19) 

The third equation says that the quantity [fij, JklImn are totally antisymmetric in the 
3 pairs of indices. Eq. ( [4.19|) is equivalent to Eq. ( 4.15 ). Also, the matrices {fi,j)KL 



satisfy the conventional Jacobi identity as a result of the MMM Jacobi identity of the 
superalgebra of ([4. 2]). We now must check whether Cij^kl,mn = kMN,OpCiJ,KL^^ are 
totally antisymmetric or not. To be consistent with the transformation Mij = kmnTjjM'^, 
we must transform the Killing-Cartan metric fc™'"' as 

A:'"" ^ klJ,KL = kgmTfjkpnTf.Lk"''' = k^nTfjrli^ = flJKL- (4.20) 

Namely the structure constants fijKL also play a role of the Killing-Cartan metric kjj^KL- 
So we must use /mnop to lower the OP indices of Cij^klP^'- ^ 

ClJ,KL,MN = fuNOpClJ^KL 

= [fMNjlj]KL- (4.21) 

By the third equation of ([4.19| ), the structure constants Cij,kl,mn are indeed totally 
antisymmetric in the 3 pairs of indices. Therefore Eq. ( [4.18| ) now takes the following form 

[f,Cu]=0 or [fMNjlj]KL + [fKL,flj]MN = 0, (4.22) 



''This is a comment by E. Witten, quoted in the second paper of Ref. |15| 
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which is nothing but the third equation of Eq. ( 4.19 ). Namely both Eq. ( 4.15| ) and Eq 



(4.18) can be written as the third equation of Eq. (4.19), if we express everything in terms 
of the 3-algebra structure constants Juki ■ 

Note that we use kmn to lower an adjoint index, while use w/j to lower a fundamental 



index. If Eq. (4.1) holds, then Eq. ( p. 7] ) implies a compatible condition between kmn and 
ujij. Eq. ( [2^ ) is equivalent to KmTY'^uJKj + knmTj'^ oj i k = 0, i.e. 



fnlJ - knm^IKTf^ = 0, (4.23) 

where fnij = knmrfj. 

4.3 Three- Algebras and Embedding Tensors 

In Ref. ^, |3^, the authors derive some extended superconformal gauge theories by taking 
a conformal limit of I? = 3 gauged supergravity theories. In their approach, the embedding 
tensor plays a crucial role. By definition, the embedding tensor 6mn = dnm acts as a 



projector |3C]: 



D^ = d^- A^emnf", (4.24) 

where t" is a set of independent generators. The above equation says that Omn projects 
t" onto another set of generators im = Omnt^, whose symmetries are gauged. Let us now 
consider the commutator 

Since we expect that [tm,in] = Cmn^tr-, we must set 

"mp^ns'^ q — ^mn "rq- V^'^Oj 

It is necessary to examine the Jacobi identity 

//^ Sj^ ^ _l /^ ^/^ ^ _1_ /^ ^ /^ ^\fi /*? 

— \^mn ^sp ~r L'np ^sm ~r L'pm L'sn )"rq'^ 

= (c'\c'\ + c^^a-'t + c'Kc''\)emiOnqOpst' = 0. (4.27) 

In the last line we have used ( |4.26| ) . The last line is nothing but the Jacobi identity satisfied 
by C"^"'p. So Eq. ( |4.27D is indeed the desired result. To construct a physical theory, the 
embedding tensor is required to be invariant under the transformations which are gauged. 
Since the embedding tensor 6mn carries two adjoint indices, we have to set 

Cnq ^rs + Cns Gqr = 0. (4.28) 

Taking account of ( [1.26 ), the above equation is equivalent to 

"np"qm^ s ~r "np^sm'^ q — "• V^'^'^j 

This quadratic constraint takes the same form for all extended supergravity theories. We 
will focus on the A/" = 5 case. If we represent the adjoint index ?7i as a pair of fundamental 
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indices /J, the embedding tensor becomes Ojj^kl, satisfying the same symmetry properties 
as fijKL do (see ( p.l6| )) [p9| . To construct A/" = 5 supergravity theories, the embedding 
tensor is required to satisfy the hnear constraint: 

0iiJ,K)L = 0, (4.30) 



and the structure constants in (4.29|) are required to be those of Sp{2L) l29]. We observe 



that if one identifies the embedding tensor Omn with the Kilhng-Cartan metric kmn, Eq. 
( 4.29 ) is precisely the same as Eq. ( [4.16 ), which is the FI satisfied by the 3-algebra structure 



constants fijKL = kmnT^jT^j;^- Recall that fijxL also play the role of the Killing-Cartan 
metric (see Sec. [4.2D . So identifying the embedding tensor with the Killing-Cartan metric 
is equivalent to identifying the embedding tensor with the 3-algebra structure constants. 
With this identification, Eq. ( 4.3C| ) is also solved since it is nothing but f(^ijK)L = 0- We 



are therefore led to the conclusion that fijKL also play the role of the embedding tensor. It 
is straightforward to generalize the discussion of this section to the cases with other values 
oiJ\f. 

In summary, if we realize the symplectic 3-algebra in terms of the superalgebra ( [4.2| ) , 
we find that fijKL = f^mnTjj'T'KL Pl^y ^o^^ roles simultaneously: 

• fiJKL are the structure constants of the symplectic 3-algebra or the double graded 
commutator (Ey 



• fiJKL furnish a quaternion representation of the bosonic part of the superalgebra; 

• fiJKL play the role of the Killing-Cartan metric; 

• fiJKL are the components of the embedding tensor used to construct the D = 3 
extended supergravity theories. 

5. N=4, 5 Theories in Terms of Lie Algebras 

The A/" = 4, 5 theories in Sec. ^ and |^ are constructed in terms of 3-algebras. After the dis- 
cussions of the last section, we are ready to derive their ordinary Lie Algebra constructions 
by the solution ([4.1D. 



5.1 J\f = 5 Theories in Terms of Lie Algebras 

With the solution 

flJKL = kmnTYjTKL: [t"^ , t"'] IJ = C"""" pTj J , (5-1) 

the gauge field becomes 

4^i = A'^'fu'^L = A'^'rTjkrnnr''''L = A-fc^„r-^i. (5.2) 



Following Ref. |31], we define the 'momentum map' and 'current ' operator as follows 

Mab = '^Tj^a^bi Jab = '^lj^a'^b- (5-3) 
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Here A = 1, ... ,4 is the fundamental index of the R-symmetry group S'p(4). Substituting 
the ( |5.1| ) and ( ^.2| ) into the Lagrangian ( p.54 ) gives 



+ 2^ {^mnA^d,yAx + -CmnpA^ Ai^A^) (5-4) 

1 ~ 3 



Similarly, with the solution ( |5.lD , the supersymmetry transformation law becomes 

M- = ie^^'i.JlB- (5.5) 

Here the parameter e^^ obeys the traceless condition and the reality condition ( ^.621 ) . The 
A/" = 5 Lagrangian ( ^.4[) and supersymmetry transformation law (^^) are in agreement with 
those given in Ref . |3^ , which were derived directly in terms of ordinary Lie algebra. 

In section ( |4.1| ), we demonstrate that if the structure constants of the 3-algebra are 
specified as ( |5.1| ), then the Lie algebra of the gauge group generated by the 3-algebra is 
just the bosonic part of the superalgebra ([4.2[). The following classical super-Liealgebras: 



U{M\N), OSp{M\2N), OSp{2\2N), F(4), G(3), D{2\l;a), (5.6) 

(with a a continuous parameter) are of the same form as that of the superalgebra (^). 
Therefore their bosonic parts can be selected to be the Lie algebras of the gauge groups 
of the J\f = 5 theories. Especially, if we choose the U{M\N) or OSp{2\2N), whose bosonic 
part is in the two conjugate representations {R (B R), then the supersymmetry will get 
enhanced to TV = 6 [Q. In the case of OSp{M\2N), the theory has been conjectured to 
be the dual gauge theory of M2-branes in orbifold C /D^, with D^ the binary dihedral 
group 1^, Q . The gravity dual of this theory has been investigated in Ref. [^ . 

5.2 M = 4: GW Theory in Terms of Lie Algebras 

Here we consider only the A/" = 4 GW theory without the 'twisted' hyper multiplets, i.e., 
setting ^°'- = 0. Then with the solution for structure constants of the 3-algebra given by 

Jabcd — K-mnTabT^cd^ U ^T^lab — ^ pT^t,, {'^■') 

which satisfy the FI's as well as appropriate constraints and symmetry conditions, the 
gauge fields of the GW theory become 

Af^ d = A^ Jab d = A^ T^b^rnnT d = A^ KmnT d- \p-°) 

Following Ref. ||3l[] , we define the 'momentum inap' and 'current ' operators as follows 

,,m ^ra rya fyb -m ^m r^a „i,b (r. (\\ 

f^AB = ^abZA^B^ Jab = ^abZA^B- ^^'^l 
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With Eqs ( ^ ) ~ (^), Eqs. (|3.41| ) and ( ^.42 ) become the Lagrangian and the supersym- 



metry law of the GW theory in Ref. [^], respectively: 

i 1 

U A'lTT- ^nAB P^ ..raA ,,nB ,,pC (r, mW 

-^KmnJ^^J - -^C'mnptJ' BfJ- C^^ A, (5.10) 

5Z% = ieAH% 

Since we derived the GW theory by decomposing the J\f = 5 theory and setting the twisted 
mulitplets to zero, the classical superalgebras, that are used to realize the 3-algebra, must 
be the same as those used in the J\f = 5 case, i.e. 

U{M\N), 0Sp{M\2N), OSp{2\2N), F(4), G(3), D{2\l;a). (5.12) 

Indeed, they are of the same form as that of the superalgebra ([1.2|). Therefore their bosonic 
parts can be selected to be the Lie algebras of the gauge groups of the GW theory; and 
the corresponding representations are determined by the fermionic generators. 



For the cases |32, Q with both un- twisted and twisted hyper- multiplets, a pair of 



super Lie algebras are needed, which were discussed in a representation theory approach 



in Ref. |35]. Since the situation is much more complicated, we leave the presentation of 
these cases in terms of ordinary Lie algebras, as well as their generalizations, within our 
superspace and super Lie algebra approach to a subsequent paper [p^] . 

6. Conclusions 

In this paper, we have combined the symplectic 3-algebra with the superspace formalism 
by letting the matter superfields take values in the symplectic 3-algebra. Based on the 
3-algebra, we then have constructed the general J\f = 5 CMS theory by enhancing the 
J\f = 1 supersymmetry to TV = 5. The M = 5 Lagrangian is same as the one derived with 
an on-shell approach [p^ ]. 

We have constructed the general Af = 4 CSM theory by decomposing one Af = 5 hy- 
permultiplet into a AA = 4 un-twisted hypermultiplet and a A/" = 4 twisted hypermultiplet, 
and then proposing a new superpotential. In deriving the general A/" = 4 CSM theory, we 
have also decomposed the set of 3-algebra generators into two sets of 3-algebra generators. 
As a result, both the FI's and 3-brackets are decomposed into 4 sets. The resulting general 
AA = 4 CSM theory is a quiver gauge theory based on the 3-algebra. We have also examined 
the closure of the A/" = 4 algebra. 

We then have realized the symplectic 3-algebra in terms of the super Lie algebra 
( |4.2| ). The 3-bracket is realized in terms of a double graded bracket: [Ti,Tj;Tk] = 
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[{Qi,Qj},Qk], where Qj are the fermionic generators; the structure constants of the 
3-algebra are just the structure constants of the double graded bracket, i.e., fijKL = 
kmnTfjT^j^- The fundamental identity of the 3-algebra is equivalent to the MMQ Jacobi 
identity of the super Lie algebra, where M's are the bosonic generators in the super Lie 
algebra. The linear constraint equation ftjjK)L — 0? required by the enhancement of the 
supersymmetry, is equivalent to the QQQ Jacobi identity. 

We have also analyzed the relations between the symplectic 3-algebra and the ordinary 
Lie algebra. The fundamental identity of 3-algebra can be solved in terms of a tensor 
product: fijKL = kmnTfjTKL- ^^ have proved that the structure constants fijKL furnish 
a quaternion representation of the bosonic part of the super Lie algebra (|4.2|), and fijKL 
also play a role of Killing-Cartan metric. We found that the FI of the 3-algebra can be 



converted into an ordinary commutator (4.1£); the structure constants of the commutator 



are ( |4.21 ). The FI of the 3-algebra can be understood as the statement that the structure 



constants of the commutator ( |4.2lD are total antisymmetric (see Eqs. (|4.22| )). 



We have proved that the components of an embedding tensor [^, 3C ] , used to construct 
the D = 3 extended supergravity theories, are just the structure constants of the 3-algebra. 
Hence the concepts and techniques of the 3-algebra may be used to construct new D = 3 
extended supergravity theories. 

The general Af = 5 CSM theories and the M = A GW CSM theories in terms of ordinary 
Lie algebras are rederived, respectively, in our superspace approach. The presentation of 
general TV = 4 CSM theories is left for a subsequent paper |44|. In this way, we have been 
able to derive all known AA = 4, 5 superconformal Chern-Simons matter theories, as well 
as some new TV = 4 quiver gauge theories (to be presented in @]). Thus our superspace 
formulation for the super-Lie-algebra realization of symplectic 3-algebras provides a unified 
treatment of all known TV = 4, 5, 6, 8 CSM theories, including new examples of TV = 4 quiver 
gauge theories as well. 

The extended (TV > 4) CSM theories can be also constructed by using TV = 2, 3 
superspace formulations in an ordinary Lie (2-) algebra approach [^, ^, ^^l- The TV = 
2, 3 superspace formulations are more restrictive than the TV = 1 formulation; hence the 
calculations may be simplified, and it may be easier to enhance the supersymmetry from 
TV = 2 or TV = 3 to TV = 6, 8. It would be nice to construct the extended CSM theories by 
using the TV = 2, 3 superspace formulations in a 3-algebra approach. 
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A. Conventions and Useful Identities 

A.l Spinor Algebra 

In 1 + 2 dimensions, the gamma matrices are defined as 

{l^.Wilu)^" + (7.)a^(7M)7^ = 2r/M.^'5/. (A.l) 

For the metric we use the (—,+,+) convention. The gamma matrices in the Majorana 
representation can be defined in terms of Pauh matrices: (7^)0'^ = (^172 5171,(73), satisfying 
the important identity 

{l^.)oP{l.)^^ = Vt^uSj + e^.A(7^)/. (A.2) 

We also define e^^'^^ = —e^y\. So e^uxeP^^ = —25^^. We raise and lower spinor indices 
with an antisymmetric matrix eaji = — e"^, with ei2 = —1. For example, ip"' = e'^^ipp 
and 7^0 = ep-f{'^^)a^ , where ijjp is a Majorana spinor. Notice that 7^0 = {l,—a^,a'^) are 
symmetric in q;/3. A vector can be represented by a symmetric bispinor and vice versa: 

A^p = A^^%, A^ = ApfA^s,. (A.3) 

We use the following spinor summation convention: 

V'X = rXc. V'7mX = V'"(7/.)a^X/3, (A.4) 

where ^ and x are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz 
transformations are 

(Ax)V' = -^(AV)X - ^(A7.V')7'^X, (A.5) 

(V'lV'2)(V'3V'4) = (V'lV'2)(^4V'3) = -i:{^\^?){^^'^2) " i:{^\lv'4^'i){^ef ^2), 
(V'17m^2)(V'3V'4) = --(V'17a«V'3)(V'4V'2) " -(V'iV'3)(V'47mV'2) + 2^M'^a(V'17''V'3)(V'47V2)- 

A.2 The M =\ Superspace 

In this subsection, we mainly follow the conventions of Ref. |3^. We denote the superspace 
coordinates as 0". A real scalar superfield $ can be expanded as 

$ = + ieiV' - -d^F, (A.6) 

where Q and V' are Majorana spinors. The superalgebra 

{Qo..Qfi\ = -2i%P^ (A.7) 

can be realized in terms of superspace derivatives: 

Q„ = id^ + Q^dfi^. (A.8) 
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The super-covariant derivative must anti-commute with Qaj it takes the following form: 

2^ = dc. + iePdp^. (A.9) 

The supersymmetry transformation of <& is defined as 

5$ = -ie^'Q^^ = 54) + ie67p - -e'^SF. (A.IO) 

Equating powers of 9^ gives the supersymmetry transformations of the component fields: 

Scf) = ie^V'a, (A.ll) 

5ipa = -dj<pep - Fe„, (A. 12) 

5F = ie^'dJi^p. (A.13) 

In the Wess-Zumino gauge, the superconnection becomes 

r„ = io^A^p + e\c., (A.14) 

and the supersymmetry transformations for the component fields are 

6A^ = -ie^{^^)Jx(3, (A.15) 

6Xa = -\F^u{-inJep. (A.16) 

The Berezin integral is defined as 

f(fee^ = -4:. (A.17) 

The superpotential is given by 

Cw = - I <feW{^) = --W"{(P)iP^ - W'{(I))F. (A.18) 

A.3 SU{2) X SU{2) Identities 
We define the 4 sigma matrices as 

aV = (^Sa2,a3,il), (A.19) 

by which one can establish a connection between the SU{2) x SU{2) and S'0(4) group. 
These sigma matrices satisfy the following Clifford algebra: 

a A ^ C + ^ A <y c = 20 OA , (A.iUj 

We use antisymmetric matrices 

^AB = -e'- = [\ -') and e,, = -e^^ = (_°^ '\ (A.22) 
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to raise or lower un-dotted and dotted indices, respectively. For example, o"*^^ = 
e cr"'^ and a = e a°'c . The sigma matrix o"" satisfies a reality condition 

n\ B RC^ a B ^^ „a]AB „aBA /a r,Q\ 

a ^ j^ = -e ej^j^a c* , or cr ' = -a . [A. 26) 

The antisymmetric matrix cab satisfies an important identity 

eABe"""" = -(^A^^B^ - Sa^'Sb^), (A.24) 

and e^^ satisfies a similar identity. 
Define 

a^^ = Caa'''^^ and CaC° = 1, (A.25) 

where Ca are real coefficients, then the following identity holds 

^AC^BD _ ^AD^BC ^ ^AB^Cb_ (^ 26) 

This identity is useful when we construct the Af = 4 theory. 

Define the parameter for the A/" = 4 supersymmetry transformations as e = eacr . 
The following identities are useful in checking the closure of the AA = 4 superalgebra: 

^iet''elf " 4''e\f) = u^^ = u^\ (A.27) 

'^^HaaSbB ~ ^2AA^iBB^ = ^^^A^ ScB ~ ^"^A^hcB^^AB + i^iB^ ^2CA " ^23^^ hcA)'^AB, 

icABecDef^l^e^EE = '(hBC^^^loA - ^2Bc7''et^^) " ^(flAcT^^DB " ^2AC^^^[db^- 

A. 4 50(5) Gamma Matrices 

In this subsection, in order to avoid introducing too many indices into the theory, we still 
use the capital letters A,B, . . . to label the 5*^(4) indices. However, now the index A runs 



from 1 to 4. (In Sec. |A.3| , the indices A and B run from 1 to 2.) We hope this does not 
cause any confusion. 

Since 5^(4) = 50(5), it is useful to introduce the 5*0(5) gamma matrices. We define 
the 50(5) gamma matrices as 

^A = 1 cr«t j ' ^^ = (7 7 7 7 JA , (A.28) 



where a"" are defined by ( A.19| ). Notice that 7^^ {m = 1, ... ,5) are Hermitian, satisfying 
the Clifford algebra 

„,mC„,nB I ^,nC ^,mB nxmnjr B / * on^ 

7^ 7c +lA Ic = ^^ ^A ■ (A. 29) 

We use an antisymmetric matrix ujab = —uj to lower and raise indices; for instance 

^mAB ^ ^AC^rnB_ ^^ 3q) 
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It can be chosen as the charge conjugate matrix: 



£"» 



(Recah that A and B of the RHS run from 1 to 2.) 

By the definition ( A.28| ) and the convention ( |A.30| ), the gamma matrix 7™ is antisym- 



metric and traceless, and satisfies a reahty condition 

7 = -7 , 7^ = and 7^^ = 7 = uj uj -fcD- (A. 32) 
The 5p(4) generators are defined as 

^A = ^[7 ,7 Ja ■ (A. 33) 
There is a useful Sp{4) identity 

e^BCD ^ _^AB^CD ^ ^AC^BD _ ^AD ^BC _ ^^.34) 

B. Verification of Sp{A) Global symmetry of the M = h Bosonic Potential 



In this section we wiU prove that the bosonic potential ( 2.52| ) has an S'p(4) global symmetry. 
For convenience, we cite it here: 

\r — ^ f fO ( , AC, ,BE, ,DF . o, ,AC^RE^nF 

— V — —JijKOJ LMN\-^ io UJ + 2a; 7 7 
io 

_lO, ,DFACRE a, be AC of \ yl yj yK yh yM yN /T5 1 \ 

+2w 7 7 -4a; 7 7 )ZaZbZc ^d^e ^F ■ V^-^) 

It can be seen that the first term is manifestly 5*^(4) invariant. So we need only to consider 
the last three terms. Denote them as —V. For —V\ the part proportional to Z,^ ZA 



vanishes by the FI (2.5), so the remaining part of —V is 



T/' f, AC^.BEDF , ,BEACDF^f rO yl yj y[K yL] ^M yN 

^4 = g('^ 7 7 -o; 7 7 )}ijkoJ lmnZa^b^[c ^d]'^e '^f 



2 
9 

= ^(^1-^2). (B.2) 

On the other hand, by using the constraint condition f(jjK)o = (see ( |2.47| )) and the FI 
(|2.5|), one can rewrite (p. 21) as 



y; = i(a;^^7^^7^^ - a;^^7^^7^^ + a;^^7^^7^^ - a;«^7^^7^^) 
9 



^ f fO yl yj y[ii yM yM yN 

^JlJKOl LMnZj^^Z^Z^^Z^-^Z^ Zp 



i(Pl-P2 + P3-P4). (B.3) 



Comparing (B^) with (|B.3| ) gives 

Pl-P2 = P3-P4- (B.4) 
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We observe that 2P2 + P4 is an Sp{4) invariant quantity: 

O P I P fn, ,BEA[Cn]F . , ,BECDAF\ f rO ryl rjj y[K r^L] r^M yN 

2F2 + F4 = [2UJ 7 ^ 7 J +tJ 7 7 JJIJKOJ LMN^A^B'^[c^D]^E "^F 

, BE^ACDF f fO ryl ryj ry{K ryL\ ryM ryN 

= ^ £ JlJKOJ LMN^A^B'^[c ^D]^E '^F 

^ I. (B.5) 



In the second Hne we have used the key identity ( 2.3^ ). By using the second hne of ( 2.3^ ), 
i.e. e^-BCD ^ -uj^^uj^^ + cj^'^cj^^ - uj^'^lj^'^ , we find that / can be written as 



T — r ACE^GBDF f fO 7I 7 J ylK yL] yM yN (-n c\ 

- 1 — Eg £ JIJKOj LMN'^A'^B^[C'^D]'^E "^F ■ l^-Oj 

On the other hand, substituting the first line of (|2.3^ ) (-e^^c*^ = r^AC^BD _ ^^bc^ad _^ 
^BA^CD^ into the RHS of (Q, we obtain 

- / = 4Pi - 2P2 + Pz- (B.7) 



Combining (gj), (|Bj) and (gj), we find that 



Pi-P2 = -\l. (B. 



Substituting the above equation into Eq. ( |B.2| ), we reach the desired result: 

-r = -A,. (B. 



Recall that we denote the last three terms of (BJ.) as —V, so the bosonic potential (B.l) 



is indeed Sp{A) invariant. After some work, we reach the final expression for the bosonic 



potential ( [B.lD : 



TZ—^/OJ^ Of ctf Of I r,f Of \ yN yAI yj yBK yL yCM 

-^ — -^K^fijK JOLMN-yjKLI JONMJ + ^JljL JOKMNj^A'^ ^B^ ^C^ 



(B.IO) 
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